1. Let P{ή) and p(n) denote the greatest and smallest prime factor of n, respectively. Recently in several papers, Balog, Erdόs, Maier, Sarkozy, and Stewart have studied problems of the following type: if A\,...,Ak are "dense" sets of positive integers, then what can be said about the arithmetical properties of the sums a\ H h% with a,\ G A\,...,a k G A k l In particular, Balog and Sarkόzy proved that there is a sum a\+ci2 (#i G A\ 9 aι G A2) for which P(a\+aι) is "small", i.e., all the prime factors of a\ +aι are small. On the other hand, Balog and Sarkόzy and Sarkόzy and Stewart studied the existence of a sum CL\ Λ h % for which P(a\ H h a k ) is large. In this paper we study p(a\ H \-a k ). Our goal is to show that if A\,..., Ak are sets of positive integers then there exists a sum a\ + h cik with a\ G A\,..., ak € A k that is divisible by a "small" prime. In the most interesting special case, namely A\ = = A k , there are sums CL\ Λ Va k divisible by /c, so that p(a\ H h a k ) < k. In order to exclude such trivial cases, we shall ask that the "small" prime factor of d\ H h a k also exceeds some prescribed bound V. In §3 we will study the case when the geometric mean of the cardinalities of the sets A x -c {1,..., N} is between \fN and N. The crucial tool will be the large sieve. In §4 we will extend the range (when k > 2) by studying the case min, \A t \ > N ι / k + ε . Here Gallagher's larger sieve will be used. The results in § §3 and 4 do not give especially good results when the sets A\,...,Ak are very "dense". In §5, we will give an essentially best possible result for the small prime factors of the sums d\ Λ h a k in the case when (\A X \ \A k \) ι / k > Nexp(-clogklogN/loglogN) for a certain positive constant c. Finally in § §6 and 7 we will construct sets so that none of the sums a\ H \-a k has a small prime factor. In particular, in §6 we will discuss the conjecture of Ostmann [6] that 364 CARL POMERANCE, A. SARKOZY AND C. L. STEWART there do not exist infinite sets of positive integers A\, A2 such that A\+ A 2 differs from the set of primes by at most a finite set.
The constants c\, Cι,... appearing in different sections are independent from each other, so that, for example, C\ in §3 and C\ in §4 are not necessarily the same.
2.
In this section, for the convenience of the reader, we collect the lemmas of [8] . Primary references for the first three lemmas and a proof of the fourth may be found there. Further lemmas in this paper will be presented as needed in subsequent sections. LEMMA Proof. There are positive constants <?2> Thus the theorem implies the corollary.
We now generalize the situation of Theorem 1 to where more than two sets of integers are involved. Rather than giving a general result, we content ourselves with a result analogous to Corollary 2. 
where the last inequality requires p > Cη = Cη{k,ε). Thus from (3.7) and our assumption, we have
where the star indicates a sum over square-free integers not divisible by any prime smaller than the maximum of V and cη. Note that ω{q) denotes the number of prime factors of q.
To estimate the last sum in (3.8) we use the following lemma.
, let r > 0, and let z be a complex number with \z\ < r. If* denotes a sum over square-free integers n free of prime factors below y, then
Proof. The proof follows from the method of AUadi [1] and Selberg [10] . In AUadi, the same sum is estimated but without the restriction that n be square-free. In Selberg, the same sum is estimated but without the restriction that n be free of prime factors below y.
We now apply Lemma 5 with r = fc-1, z = fc-1-ε, x = Q, and y = max{ίfc7}. We thus deduce from (3.8) that there are positive constants c 8 = cg(ϊffe,ε) and c 9 = c 9 {Vk t ε) such that if Q > c 8 Thus if we let c 5 = c β 3 k , then (3.12) contradicts (3.6) which proves the theorem.
4 Theorems 1 and 2 covered the case when the cardinalities of the given sets are greater than N ι l 2 . In this section we are going to study the case when all the cardinalities are greater than N χ / k+ε (only when k > 3 will we obtain something new). Perhaps the conclusion of Theorem 3 holds when we assume only that all the cardinalities are greater than N ε , but we have not been able to prove this. On the other hand, as will be shown in §6, it is not enough to assume that the cardinalities are greater than clogiV/loglogiV for some positive constant c. where C3 = c^Vk, ε) and we use Theorem 425 in [5] .
and note that we may assume that 0 < ε < 1. Then for N > c 4 = c 4 (ίfΛ;,ε), (4.4) implies that the average of the denominators in (4.3) is at least (ek/2)logN. Thus there exists some i such that the denominator in (4.3) is at least (εk/2)\o%N and for this / we have for ΛΓ > C5(Jffcβ), using the prime number theorem. This estimate contradicts (4.1) for N> C\{\ζk, ε) and thus proves the theorem. where λ is a positive constant which shall be chosen later. In the following, all numbered constants C3, C4,... depend effectively on V, k, and e, only. Plainly we may assume 0 < e < 1. From (5.1), N -< exp{(l -ε) log/c log iV/log log TV} and so for N > c 3 we have
Therefore by the prime number theorem, for N> C4 exp(3Λ,/ε Clearly, by the definition of A, no member of kA is divisible by any prime p with k < p < Q. Thus it suffices to show that Q is greater than the right side of (5.8) There is a related conjecture due to Ostmann [6] . He conjectured that there do not exist infinite sets A, B of positive integers such that A+B differs from the set of primes by only a finite set. Of course if such sets exist then for all large N,
In this connection we are able to prove the following result. This lemma can be found in [4] . For the convenience of the reader, we repeat the proof here. In fact, if BQ,...,BI, X\,...,xι satisfy these conditions, then by (7.5) and (7.6), (7.4) holds for any y e B h while (7.3) and (7.7) imply £/ is not empty. This then will complete the proof of Lemma 7.
We are going to construct BQ 9 ... 9 BI 9 X\,... 9 Thus (7.6) holds for k + 1 and since | 2ίfc+il = Λf, (7.11) implies (7.7) holds for k+1. This completes the proof of the existence of B o ,... ,B h X\,...,Xι with the desired properties, so that Lemma 7 is proved.
REMARK. It is possible to show there is a set of primes P* with no three in arithmetic progression and such that the number of members of P* up to x is greater than x/e Cy J Xo%x for a certain positive constant c. The proof of Theorem 7 shows that for every large N there is a set of integers A c [N/A, N] with \A\ > log log TV and such that if a,a f EA with a Φ a\ then a + a 1 = 2p for some prime p e P*. However, since no three members of P* are in arithmetic progression, it follows that either 2a or 2a! is not of the form 2q for q e P*. Thus there is at most one a e A that is also in P*. We conclude that the seemingly mild restriction in Theorem 7 that a Φ a' will probably be difficult to remove. At least, an attempt to remove it must use more properties of the set of all primes than we have used.
It is probable that the circle method can be used to prove that for every fixed k there are distinct primes P\,. .,p k such that each Pi + Pj is twice a prime. We expect that the largest set of primes in [N/4, N] with each double sum twice a prime is of order of magnitude log TV/ log log N, but we do not expect this will be proved anytime soon.
